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LETTER TO THE EDITOR

Explicit /-reduced hierarchy of the kp hierarchy

Qi-Ming Liu
Department of Mathematics, Shanghai University of Science and Technology, Shanghai,
People’s Republic of China

Received 19 April 1990

Abstract. In this letter we propose an interesting and meaningful conjecture: for every
integer !=2 there exists an [-reduced hierarchy in the form of (DD, +
P(D,,D,,...,D,_,, D;,)D,)7 7=0 (I ¥ m) of the bilinear kP hierarchy. The first five
P, are presented and proved by the use of the Wronskian technique.

Studies by the Kyoto group on soliton theory reveal that the kp hierarchy plays a
fundamental role in the classification of soliton equations [1,2]. A variety of soliton
equations with physical interests can be reduced from this hierarchy [3,4]. Sato
discovered that the kP hierarchy in the bilinear forms in terms of Schur polynomials
is nothing but the Pliicker relations appearing in the theory of Grassmann manifolds
provided that the 7 function is expressed by the Wronskian [1, 5]. Recently, Newell
[6] and Hu and Li[7] found that several famous hierarchies of soliton equations, such
as the kdv, AkNs and classical Boussinesq hierarchies which can be generated by the
2-reduction of the kP hierarchy and its multicomponent analogue, have very simple
bilinear forms. So it is natural to ask if for every integer /=2 there exists an /-reduced
hierarchy which has a simple and unified bilinear form. This problem can be expressed
in a more clear way as a conjecture:
There exists the following type of I-reduced hierarchy

(D\Dyyy+P(D,,D,,...,Di_,Dy)D,)r-7=0 meZ,, ltm (n
or furthermore,

1
(Dle+I_le+le+Ql(D19D2""5Dlv1)Dm>T'T=O mEZ+,I*m (1l)

of the bilinear kp hierarchy for every integer /=2, where P;, Q, are polynomials and
the bilinear operator D D/ is defined as follows [8]

DiDja(t) - b(t) = (3, —3,)'(3,,—d,,)’a()b(t)], -,
t=(t, t5,...) f=(t,t5,...).
we find that Q, exists for 2<[<6:
Q:=—¢D;
Q:=-iDiD,
Qs=—1o(Di+15D,D3+20D7 D)
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Qs=—%(DiD,+ D3+8D,D,D,+6D;D,)
Qs = —zg35( D]+ 105D; D3+ 70D D;+ 210 D3 D5+ 280D, D3+ 630D, D, D, + 504D D;).

These facts can be obtained by the Wronskian technique [9, 10]. It has been proved
for every 2<1=<6 that if f; (1<i=< N) satisfies

8, fi=or [, meZ,, lrm (2a)
o fi= A, (2b)

then W(f,,f>,....f~n) satisfies (1). The procedure for proving this is quite similar,
though the computation is more complicated as / increases. So here we only use the
case [ =3 as an illustration.

For simplicity, in the following we shall use the abbreviated notation of Freeman
and Nimmo [9] for the Wronskian and its derivatives and a new modified version

—~

(k=1,k+1,...,N,r,...,n) O0sksN

N Fryerm)=
(N, sy m) {0 k<0 or k> N.

The proof can be completed by the following four steps:
(i) Use (2a) and the following determinantal identity [9]

axlal(x)a ser s an(x)| = Z Ia](x), ey axai(x)9 LA ] an(x)l
i=1
where a;(x) (1<i=<n) is an n-column vector, to calculate the derivatives of . For
example,
—~ _~
7(N-1) 7,=(N-2,N) 7,=—(N=-3, N-1,N)+(N-2, N+1)

2

N N N4k NN

Tl,llz(N_3’N_1, N)+(N—23N+1) Tr,,,=_2("1) ((N_l)ksk+m)
k
Nk TS

Tor, = —2 (—1) ((IN=2),, NNk+m)+(N-2, N+ m).

k

(ii) Rewrite (1) as a one-degree bilinear form expressed by D,,., and D,,. For
1=3, we know that
(Dle+3_iD4Dm-%D:l’D2Dm)‘r'T
=2Dm+37'1, : T+Dm[—%(714+ TI,I,IZ) T+ T ' T +%7'/,r| : 7'12]'

(iii) Substitute the expressions in (i) of the derivatives of 7 into the expression in
(ii) of (1), then transform the terms in (1) by some Jacobi-type determinantal identities
which can be derived by the use of the Laplace expansion theorem. For [ =3, we need
the following:

| Dab|| Ded| —| Dac|| Dbd| + | Dad|{ Dbe| =0 [9]
|Haef || Hbed| — | Hbef || Hacd |+ | Heef || Habd | — | Hdef || Habe| = 0
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where D is an nx(n—2) matrix, H is an nx(n—3) matrix, a, b, ¢, d, e and f are
n-column vectors. Then we know that

(Dle+3_%D4Dm _%D%Dsz)T' T
P N
=Y (-DOV[2AN-2, k+m+3)+(N-5,N-3, N~2, N-1,k+m)
k

S P A
~(N-4, N=-2, N k+m)+(N-3, N+1,k+m)](N),
—~ ~ o~
+(N=2,k+m)[-(N-1),, N+3)+((N-2), N,N+2)
—_~~<
—_~~< —~< P
~{(N=-2,N+m+3}{(N-1)-(N-2, N+ m)(N-2, N+2)
N NN
+(N=-2, N+ m+2}(N-2, N)-(N-2,N+m—-1)

N N
X(N-3,NN+1D)+(N=-2, N+m)(N-3,N-1,N+1)
(N3, N+m+1)(N=3,N~1,N).

(iv) Use (2b) and the following determinantal identity [9]

)

)

)

)

(é:] Af)lal,...,a,.l=é]la,,...,Aai,...,a,,l

where a; (1=<i<n) is an n-column vector and Ag; denotes (A,a;,, ..., A.a;,)", to prove
the expression in (iii) of (1) equals zero. For I =3, we know that

N A~
(_Z )\,«)(N——2, k+m)

~~ A
=(N-5N-3,N-2,N-1,k+m)-(N-4, N-2, N k+m)

—~ _~~—
(N3, N1 m)+ (N2 ket m ) (k=0)
(K. 3+<<N 3 N=1, N, N+1)= (N =3),, N, N+2)
N e +((N N+3) (0sks=sN-2)
(Z )"')(N)“' (R 3+((h)k,N+3) (N=3,N.N+1) (k=N-1)
(K= (N3 N1, N+ 1)+ (N3, N+2) (k=

Similar natures also exist in the MkP, BKP hierarchies and their multicomponent
analogues.

We hope that this conjecture can be proved and the general expression of the P,
(or Q) can be found in the future,

The author would like to express his sincere thanks to Professor Ben-Yu Guo for his
continual encouragement. Thanks are also due to Dr Xiang-Biao Hu and Dr Yong Li
for valuable discussions and assistance.
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